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Large eddy simulation of flow around aNACA-0012 airfoil at a Reynolds number of 50,000 has been used to study

the behavior of a laminar separation bubble near stall. The effects of the subgrid-scale model and explicit filtering

were studied for a test case in which direct numerical simulation results were available. It was found that a method

incorporating a mixed-time-scale model in addition to explicit filtering gave improved results compared with a

method with filtering alone. Statistical results as well as snapshots of the flow below stall exhibit good agreement

with the direct numerical simulations. For a configuration near stall, the effect of the spanwise domain width was

investigated by increasing the spanwise length from 20 to 50% chord. Two-point velocity correlations showed a

significant improvement for the wider computational domain, in which the simulation was able to capture a low-

frequency flow oscillation, in which intermittent bursting of the bubble was observed. The bubble bursting observed

here is more irregular than in experiments at higher Reynolds number. The amplitude and frequency are compared

with experimental results and with an unsteady viscous-inviscid interaction method which is shown to be capable of

capturing unsteady behavior during stall.

Nomenclature

a, b = filtering coefficients
Cd, Ct = mixed time scale model parameters
Cf = skin-friction coefficient
CL = lift coefficient
Cp = pressure coefficient
c = chord
�F = filtered inviscid fluxes vector
f = frequency of the flow oscillation
�G = filtered viscous fluxes vector
H = shape factor H� ��=�
Lz = domain length in spanwise direction
M = reference Mach number
Pr = Prandtl number
�p = filtered pressure
Q = conservative flow variables vector or second invariant

of the velocity gradient tensor
�Q = filtered conservative flow variables vector
q = flow variable
�q = filtered flow variable
~q = Favre filtered flow variable
qSGS = velocity scale for unresolved flow
q0 = small scale of the flow variable
Re = Reynolds number based on the freestream conditions

and chord length
St = Strouhal number St� fc sin�=U
�Sij = strain rate tensor
~T = filtered temperature
U = freestream velocity
u� = friction velocity
�t = eddy viscosity
� = angle of attack incidence
� = ratio of specific heats

�� = filter size
�ij = Kronecker delta
�� = displacement thickness
� = momentum thickness
� = dynamic viscosity
� = fluid kinematic viscosity
�	 = filtered fluid density
�ij = subgrid scale stress tensor
�kk = isotropic part of the subgrid scale Reynolds

stress tensor
�w = shear wall stress
h i = averaging over z

I. Introduction

S TALL is a critical phenomenon that limits the performance of
lifting surfaces. Stall behavior at low Reynolds numbers is

currently of much interest due to applications to micro air vehicles
and unmanned air vehicles where there may be laminar separation
near the leading edge. Airfoil stall can be classified into three main
types: leading-edge stall, thin-airfoil stall and trailing-edge stall [1].
The leading-edge stall phenomenon occurs when the flow separates
near the leading edge without any reattachment downstream of
the separation. In thin-airfoil stall the flow reattaches and becomes
turbulent, with the point of reattachment shifting downstream as the
angle of attack is increased. In trailing-edge stall, the separation of
the turbulent boundary layer first occurs at a point near the trailing
edge and thenmoves toward the leading edge as the angle of attack is
increased.

Early studies, such as Gaster [2] and Horton [3], made important
contributions to understanding the behavior of laminar separation
bubbles, which play a role in the first two of these types of stall.
Horton [3] used the experimental results fromGaster [2] to develop a
semi-empirical method for predicting the growth and bursting of
laminar separation bubbles. Horton found that the bursting occurred
when the turbulent boundary layer fails to reattach and when the
theoretical pressure recovery does not intersect the inviscid pressure
distribution.

Laminar separation bubbles are classically described as being
either short or long (see, e.g., Gaster [2]). As the incidence is
increased a short bubble may burst, i.e., fail to reattach. This can lead
to fully stalledflow, or else the separated shear layermay reattach and
form a long bubble. Prediction of laminar separation bubbles was
successfully achieved by Drela and Giles [4] who used a steady
viscous-inviscid interaction method. They used the Euler equations
to describe the inviscid flow and two equations of the integral
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boundary layer, which are coupled by the displacement thickness to
describe the viscous flow.

Unsteady separation bubbles exhibiting bubble bursting and low-
frequency oscillation during stall have been observed experi-
mentally. For example, Zaman et al. [5] made some remarkable
observations of a low-frequency phenomenon during an experi-
mental and numerical study of flow around 2-D airfoils at low
Reynolds numbers in the range of 0:15 � 105–3 � 105. They
concluded that the flow oscillations were different from other fluid
mechanical phenomena such as bluff-body shedding, flow over
cavities, and supersonic jet screech. They also specified the types of
airfoils where the low-frequency oscillations can occur, which are
airfoils that exhibit either trailing-edge stall or thin-airfoil stall. The
fluctuations of the lift coefficient were found to be as much as 50%
of the mean lift coefficient. In a later study, Bragg et al. [6] tested an
LRN-1007 airfoil at Reynolds numbers between 3 � 105 and 1:25 �
106 at angles-of-attack � between 14.4 deg and 16.6 deg. The lift
coefficient exhibited a low-frequency oscillation, and they found that
as �was increased, the Strouhal number (defined as St� fc sin�=U
where f is the frequency of the flow oscillation, c is the chord length,
� is the angle of attack, and U is the freestream velocity) tended to
increase. Strouhal numbers associated with the oscillation lay in the
range of 0.017 to 0.03, which is around 10 times lower than the
Strouhal number for bluff-body shedding. Broeren and Bragg [7]
performed another experiment, using the same airfoil geometry at
Re� 3 � 105 and �� 15 deg, in which the phase average on the
upper surface of the airfoil clearly showed a growth of the leading-
edge separation bubble and trailing-edge separation until they
merged, causing full boundary-layer separation and stall. Rinoie and
Takemura [8] performed a similar experimental study of a NACA-
0012 airfoil at a Reynolds number of 1:3 � 105 and �� 10 deg and
11.5 deg that provided insight into the mechanism behind the low-
frequency oscillation. At �� 10 deg, they detected a steady, short
laminar separation bubble near the leading-edge with a length of
approximately 10% chord. They also observed the formation of a
long bubble with a length of 35% chord at �� 11:5 deg by
averaging the velocities. At this angle of attack the flow exhibited a
regular low-frequency oscillation in which it switched between a
short laminar separation bubble of about 10% chord near the leading
edge and a fully separated flow. Phase-averaged measurements
indicated that the flow oscillations formed a short laminar separation
bubble, similar to that at �� 10 deg, at a phase angle 
� 0 deg,
and then the flow separated to form a long bubble between 
�
45 deg and 
� 90 degwith 30% and 50% chord, respectively. The
flow separated completely without any reattachment between 
�
90 deg and 
� 270 deg, and a short laminar separation bubblewas
formed again at 
� 315 deg. To date, this phenomenon has not
been studied bydirect or large-eddy simulation. Sandham [9] showed
that an unsteady viscous-inviscid interaction method reproduces
some of the characteristics of the low-frequency oscillation but that
such models need further development and calibration, for example,
against numerical simulations, which are becoming increasingly
feasible.

The increasing capacity and performance of computers allow the
study of laminar separation bubble by high accuracy numerical
methods, such as direct numerical simulation (DNS) and large-eddy
simulation (LES). The first 2-D simulations were presented for flow
by Pauley et al. [10]. Three-dimensional direct numerical simulation
was presented by Alam and Sandham [11] and Spalart and Strelets
[12] on flow over a flat plate to study the behavior of laminar
separation bubbles. The simulation of Spalart and Strelets [12]
showed the complete process of transition to turbulence for a flow in
which they observed that wavering of the shear layer occurred within
the transition region, followed by Kelvin–Helmholtz vortices that
were amplified to produce a 3-D flow without pairing. A large-eddy
simulation of a flat plate with a semicircular leading edge by Yang
and Voke [13] showed that the free shear layer of the laminar
separation bubble becomes inviscidly unstable by means of the
Kelvin–Helmholtz instability mechanism. Two-dimensional insta-
bility waves grow downstream until they are converted by secondary
instability into 3-D motions. Streamwise vortices are formed in the

vicinity of the reattachment point, which rolled up further down-
stream of the laminar separation bubbles, leading to a breakdown to
turbulence.

One of the first attempts to simulate a 3-D flow over a non-
symmetrical lifting body configuration, such as the airfoil by DNS,
was performed by Hoarau et al. [14]. They used the DNS to simulate
an incompressible flow around a NACA-0012 with a very low
Reynolds number (800) and at �� 20 deg. They found that the
vortices were shed from the upper surface of the airfoil as a result of
the propagation of von Kármán instability instead of the Kelvin–
Helmholtz instability because of the very lowReynolds number. The
quasi-3-D LES (only 4 points across span) of Yuan et al. [15] on an
SD7003 airfoil at a Reynolds number of 60,000 was able to capture
the most important physical behavior in the laminar-turbulent tran-
sitional flows, but the results may be affected by freestream tur-
bulence and the effect of the inadequate spanwise width of the
computational domain.

Jones et al. [16] presented the first resolvedDNS of flow around an
NACA-0012 airfoil at Reynolds number of 50,000 and �� 5 deg.
They triggered the transition to turbulence by adding volume forcing
to the momentum equations and found that the turbulence self-
sustains due to the absolute instability of the vortex shedding. They
observed that the behavior of the laminar separation bubble in the
forced case was different than the unforced case and that forcing is
able to improve the aerodynamic performance of the airfoil.

Recently the laminar-turbulence transition process was also
studied experimentally by Zhang et al. [17], who applied a quasi-3-D
particle image velocimetry (PIV) technique on the SD7003 airfoil
at a Reynolds number of 20,000 and 60,000 and incidence of 4 deg,
to study the vortex shedding in the transition of the LSB and the
propagation of the vortices on the turbulent boundary layer. They
verified the DNS results of Spalart and Strelets [12] and the LES
results of Yang and Voke [13] regarding the primary role of the
Kelvin–Helmholtz mechanism on the vortex shedding of the vortices
and the subsequent breakdown to turbulence phenomenon, and
thus, the ability of the numerical methods to describe the laminar-
turbulence transition and the flow physics of low Reynolds number
airfoils. Windte et al. [18] have shown that 2-D unsteady RANS
simulations can provide comparable results with the experiments in
terms of the transition position and the size of the laminar separation
bubble.

It is clear that LES is a promising technique for low Reynolds
number aerodynamics where the flows are often dominated by
laminar separation and transition to turbulence. In the current study,
LES has been applied to lowReynolds numberflow around aNACA-
0012 airfoil to study the behavior of a laminar separation bubble
(LSB) near stall. The simulations use larger spanwise length than
previous LES at lower incidence. The aim is to extend LES into the
stall region to understand better the bursting of separation bubbles.
Comparisons are made with experiments and with results from an
unsteady viscous-inviscid interaction model.

II. Governing Equations

A. Filtered Navier–Stokes Equations

Anyflowvariableq can be decomposed into two partsq� �q� q0,
where �q is the large-scale part, which can be resolved by LES, and q0

is the small scale part of the flow, which must be modeled by a
subgrid-scale (SGS) model. It is convenient to define �q as the flow
variable filtered by a low-pass filter. For compressible flows it is
additionally useful to use ~q� 	q= �	 as a Favre filtered flow variable.
The conservative and dimensionless form of the 3-D, unsteady,
filtered Navier–Stokes (N-S) equations for a viscous compressible
flow can be written as

@ �Q

@t
�
@ �Fj
@xj
�
@ �Gj
@xj

(1)

where �Q is a vector containing the filtered conservative flow

variables, �F is the filtered inviscid flux vector, and �G is the filtered
viscous flux vector. The variable and flux vectors can be written in
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dimensionless form (using freestream velocity, temperature, and
density as reference quantities and the airfoil chord as the reference
length scale) as

�Q�

�	

�	 ~u1

�	 ~u2

�	 ~u3

�	
�

~T
����1�M2 � ~u1 ~u1� ~u2 ~u2� ~u3 ~u3

2

�

2
666666664

3
777777775
; �Fj � ~uj �Q�

0

�1j �p

�2j �p

�3j �p

�p ~uj

2
66666664

3
77777775

�Gj �

0

��1j � �1j
��2j � �2j
��3j � �3j
��kj ~uk � �qj

2
66666664

3
77777775

(2)

where �	 refers to the filtered fluid density, � ~u1; ~u2; ~u3� � � ~u; ~v; ~w�
refers to the filtered velocity vector in Cartesian coordinates, ~T refers
to the filtered temperature, � refers to the ratio of specific heats, and
M refers to the referenceMach number. The heat flux �qj is defined as

�q j �
�� ~T�

�� � 1�RePrM2

@ ~T

@xj
(3)

where the dynamic viscosity for air can be calculated from
Sutherland’s law as

�� ~T� � ~T
3
2
1� C
~T � C

; �where C� 0:3686� (4)

where the filtered temperature ~T is related to both the filtered density
�	 and the filtered pressure �p by the ideal gas law

~T � �M2
�p

�	
(5)

The viscous stress tensor ��ij can be written as

�� ij �
�� ~T�
Re

�
@ ~ui
@xj
�
@ ~uj
@xi
� 2

3
�ij
@ ~uk
@xk

�
(6)

where �ij is the Kronecker delta, and Re is the Reynolds number
based on the freestream conditions and chord- length. The quantity
�ij is the SGS stress tensor that expresses the effect of the small scales
on the residual stress:

�ij � 	uiuj � 	ui 	uj = �	 (7)

This term is modeled based on the concept of the eddy viscosity, and
so the stress tensor can be written as

�ij �
1

3
�ij�kk � 2�t �Sij (8)

where �kk is the trace of the SGS Reynolds stress tensor and �t refers
to the eddy viscosity, which is obtained from an SGS model. The
strain rate tensor is given as

�S ij �
1

2

�
@ ~ui
@xj
�
@ ~uj
@xi

�
(9)

B. Mixed-Time-Scale Model

The mixed-time-scale (MTS) model, developed by Inagaki et al.
[19], has been used as the SGSmodel in the present study. Themodel
is advantageous in the present application because it is local, turns off
in laminar flow, and does not require an additional wall-damping
function. In the MTS model, the eddy viscosity is expressed as

�t � CdTsq2SGS (10)

whereqSGS is the velocity scale, which can be calculated by explicitly
filtering the velocity field using

q2SGS � � �u � ~�u�2 (11)

where (~) denotes a filtering operation, using a simple top-hat filter.
When this expression for the velocity scale qSGS is employed, the
eddy viscosity �t in the laminar flow region will be guaranteed to
approach zero, as long as the flow is fully resolved and the velocity
scale (qSGS) approaches zero. Cd is a fixed model parameter, and the
time scale Ts is obtained from the following equation:

T�1s �
� ��

qSGS

��1
�
�
Ct

j �Sj

��1
(12)

The two model parameters Cd and Ct are set to be 0.03 and 10,
respectively. These values were set from initial tests for turbulent
channel flowwith our code and have since been left unchanged [20].

III. Numerical Procedure

The numericalmethod is essentially the same as that used by Jones
et al. [16], originally written and validated by Sandham et al. [21], to
solve the Navier–Stokes equations for a compressible flow. The code
employs a fourth order accurate central difference scheme for spatial
discretization of the interior points, whereas a Carpenter fourth order
accurate scheme [22] is used to treat the points on the boundary.
Temporal discretization is performed using a fourth order explicit
Runge–Kutta scheme.

Unwanted high frequency oscillations can be alleviated by the use
of filtering. Spatial filtering is carried out by applying explicit or
implicit low-pass filters to the unfiltered DNS according to the
following equation:

q̂ i � a1�q̂i�2 � q̂i�2� � a2�q̂i�1 � q̂i�1� � b1qi �
b2
2
�qi�1

� qi�1� �
b3
2
�qi�2 � qi�2� �

b4
2
�qi�3 � qi�3� (13)

where q̂i represents the filtered value at point i, whereas the original
(unfiltered) value is qi at the same point i. This equation has been
studied in detail in Lele [23]. Most of the necessary coefficients in
Eq. (13) are derived by matching the coefficients of Taylor series
based on the degree of accuracy order required for such a numerical
scheme. Visbal and Rizzetta [24] studied low-pass spatial filtering
and demonstrated its superior performance for compressible LES on
a stretched, curvilinear grid when it is incorporated into high-order
finite difference schemes. They found that to maintain numerical
stability for a relatively coarse grid, and thus suppress the numerical
oscillations that arise from the unresolved scales obtained by
compact-differencing schemes, it is necessary to add a compact
filter scheme with equal or higher order of accuracy than the spatial
discretization. For example, the fourth order compact scheme should
be combined with a filter of at least fourth order accuracy. In the
present work, the fourth order tridiagonal scheme has been used
and constructed from Eq. (13) by setting a1 � 0, a2 � 0:49, b1�
0:9925, b2 � 0:9900, b3 ��0:0025, and b4 � 0.

Spectral analysis of the filter uses the transfer function of Eq. (13)
[23]

TF �kh� � b1 � b2 cos�kh� � b3 cos�2kh� � b4 cos�3kh�
1� 2a1 cos�2kh� � 2a2 cos�kh�

(14)

where k is the wavenumber and h is the spacing between grid points.
Setting the free parametera2 close to 0.5 produces a spectral response
with almost sharp cut-off characteristics. Figure 1 shows the effect of
increasing a2 toward 0.5 on the filtering transfer function.

In many practical applications, it is not necessary to apply the
low-pass filter in full every time step but partially according to the
following equation
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�Q�Q � ��Q� Q̂� (15)

where �Q represents the resulting filtered function,Q is the unfiltered

function, Q̂ is the filtered function, and � is a constant between 0 and
1. If � is 0 that means there is no filtering and if it is 1 then the whole

function is filtered ( �Q� Q̂). Bogey andBailly [25] suggested setting
� between 0.1 and 0.2 to get a stable numerical solution. In this
work, the LES is performed by explicitly filtering the conservative
variables.

IV. Validation Against Direct Numerical Simulation
Results (Re� 50; 000 and �� 5 deg)

The numerical code has been validated by performing simu-
lations with Mach numberM1 � 0:4 at an incidence of 5 deg and a
Reynolds number of 50,000. A grid of 637 � 375was generated and
data were compared with the DNS of Jones [26] which used a grid
of 2570 � 692. The 2-D simulation was then extended to a 3-D
simulation with 32 grid points in the spanwise direction and

compared with DNS results on a 2570 � 692 � 96 grid. The
computational cost of the LES was a factor of 22 less than the
computational cost of the DNS.

The 3-D validation computations were conducted in two ways:
first, by applying the LESwithout using any SGSmodel, i.e., relying
on filtering alone, and second, by adding the MTS model. In these
tests a time-dependent forcing was added to trigger transition to
turbulence. The low-amplitude forcing was applied inside the
separated shear layer and was removed after it triggers the transition
to turbulence because this process self-sustains [16].

The C-mesh, geometry parameters and the coordinate system are
depicted in Fig. 2. The main grid parameters of both 2- and 3-D
simulations are summarized in Table 1. The columns W, R, and
Total length correspond to the wake length, radius, and total domain
length, respectively, in airfoil chords, whereas N� and N
 represent
the numbers of grid points in the curvilinear directions � and 
,
respectively. The columns PS, SS, NW, and Total points correspond
to the numbers of cells on the pressure side, on the suction side, in the
wake, and total cells, respectively. Grids were refined by an iterative
process. For the chosen filter coefficient the simulation was run for a
short time and under-resolved regions (revealed by grid-to-grid point
oscillations) were identified. The grid was refined in these regions
and the run continued. The process was repeated until a good
grid was found. For the initial validations we consider 2-D filtered
Navier–Stokes simulations and 3-D LES compared with reference
DNS in 2-D and 3-D, respectively. An integral characteristic
boundary condition [27] is applied at the freestream boundary (
�),
while a zonal characteristic boundary condition [28] is applied at the
downstream exit boundary (��). An adiabatic, no-slip condition is
applied at the airfoil surface and a spanwise periodic boundary
condition is applied to the simulation every substep of the Runge–
Kutta time stepping. Statistics are obtained by averaging in time and
for the 3-D calculation also in the homogeneous spanwise direction.

A. Two-Dimensional Results

The numerical results from the filtered Navier–Stokes simulation
were obtained without a subgrid-scale model but with filtering
every time step. To obtain a result that was as accurate as possible,
a parametric study was performed (not shown here) using different
values of the filtering coefficient (�) to find the optimum valuewhich
gives the best solution comparing with the DNS for a fixed grid;
� � 0:14 was found to be the optimum value. The simulation was
performedwith a time step of 1:55 � 10�4. Statistical data describing
the aerodynamics of the simulation, such as pressure coefficient
and skin-friction, were computed after the flow had passed an initial
transient stage. Time averaging for the simulation was taken over
60,000 time steps, which corresponded to 9.3 nondimensional time
units. The lift coefficient (CL) oscillates periodically around a mean
of 0.495, which agrees with the DNS results [26] as demonstrated in
Fig. 3. The frequency of the filtered N-S simulation is f� 3:27
which is very close to the DNS (f� 3:32). Compared with the DNS,
CL from the 2-D filtered Navier–Stokes simulation is slightly more
regular, presumably due to the decrease in degrees of freedom
associated with the coarser mesh. From a Fourier analysis, the DNS
signal has an additional lower frequency mode (f� 1:98) present
with a fifth of the amplitude of the dominant shedding mode.

The pressure coefficient from the 2-D filtered Navier–Stokes
simulation is compared with DNS in Fig. 4, where it can be seen that
the 2-D filtered Navier–Stokes simulation matches the DNS very
well. This figure shows the strong adverse pressure gradient near
the leading edge that causes the separation to occur, followed by a
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Fig. 1 The filter transfer function for different values of a2.

Fig. 2 Domain boundaries and coordinate system around NACA-0012

airfoil [26].

Table 1 Comparison of grid parameters for validation study (Re� 50; 000 and �� 5 deg)

Simulation W R Total length N� N
 Nz Lz=c Ps SS NW Total points

2-D filtered N-S 5 7.3 14.2 637 375 - - 78 190 185 238,875
LES, 3-D 5 7.3 14.2 637 375 32 0.2 78 190 185 7,644,000
DNS, 3-D 5 7.3 14.2 2570 692 96 0.2 292 792 753 170,730,240
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pressure plateau that indicates the length of the dead-air region in
the laminar separation bubble. Inspection of Fig. 4 confirms the
observation of Ripley and Pauley [29] concerning the existence of a
spike at the end of the pressure plateau for 2-D simulations. The rapid
increase in the pressure that occurs after the pressure plateau is a
result of the roll up of vortices at the back of the bubble before vortex
shedding.

The unsteadiness of the simulation can be observed by taking
snapshots of vorticity. For the purpose of validation, contours of
instantaneous vorticity obtained from the 2-D filtered Navier–Stokes
simulation are depicted in Fig. 5a, in which it can be observed that a

separated shear layer forms on the suction side of the airfoil after flow
separation near the leading edge and then becomes unstable at the
middle of the airfoil chord, where large-scale vortices are generated
and convect downstream, leading to the development of vortex
shedding. The successful calculation of this flow behavior can be
confirmed when comparing Fig. 5a with the DNS vorticity in Fig. 5b
taken from Jones [26]. From these figures, it is obvious that the
vorticity obtained by 2-D filtered Navier–Stokes simulation is very
close to the DNS, without significant numerical oscillations.

B. Three-Dimensional Results

The 2-D solution is taken as an initial condition for the 3-D
simulations, which are required for a realistic representation of the
flow. Forcing is applied at the early stages of the 3-D simulation to
trigger transition to turbulence (see [26] section 2.2.10 for forcing
details). Then the forcing is removed and the simulation is run
further. The statistical data are dumped and the flowfield is stored
every 10,000 time steps, with a time step of 1:55 � 10�4. Adequate
mesh resolution is important to obtain an accurate solution and to
ensure that the large eddies in the flow are resolved. Wall units y�,
�x�, and �z�, are normally used to check the mesh resolution
for a particular grid. The friction velocity u� is used to calculate

y� � yu�=�, where u� �
��������������
j�wj=	

p
is obtained using the absolute

value of the wall shear stress �w, and�x
� and�z� are calculated as

�x� ��xu�=� and�z
� ��zu�=�, respectively. The LES usually

needs streamwise and spanwise mesh resolutions of approximately
�x� 	 50 and�z� 	 20, respectively. Figure 6 shows the variation
of the streamwise and the spanwise resolutions on the suction side
of the airfoil, showing that in both cases the mesh resolutions over
the transitional and turbulent regions satisfy the LES resolution
requirements (we have �x� < 15 and �z� < 21). Table 2 shows a
comparison of mesh resolutions between the DNS and LES for the
simulationwith�� 5 deg atRe� 50; 000. The first grid point from
the surface in the LES has y�1 � 0:849, which is theworst value in the
turbulent region (at x=c� 0:7), and with five grid points in y� < 10.
The existence of relatively large oscillations near the geometric
singularity of the trailing edge limits the coarseness of grid, because
any further decrease of resolution may cause these oscillations to
grow severely.

Comparisons between the LES andDNShave beenmade based on
the momentum and displacement thickness in Fig. 7, in which it can
be clearly seen that the LES solution matches the DNS very well.
Figure 8 shows the LES solution for isosurfaces of the second
invariant of the velocity gradient tensor:

Q�� 1

2

@ui
@xj

@uj
@xi
�� 1

2
�SijSij ��ij�ij� (16)

Fig. 5 Vorticity contour for 2-D simulation atRe� 50; 000with�� 5 deg using 10 levels�50 obtained from a) 2-D filtered Navier–Stokes simulation

and b) DNS (taken from Jones [26]).

Fig. 3 Comparison of time-dependent lift coefficient for 2-D

simulations (�� 5 deg).

Fig. 4 Comparison of 2-D pressure coefficient between DNS and 2-D

filtered Navier–Stokes simulation (�� 5 deg).
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over the upper surface of the airfoil. Positive values of theQ-criterion
locate regions where rotation dominates over strain rate. From this
figure, it is clear that the process of breakdown to turbulence is
captured in the LES, in qualitative agreement with the DNS of Jones
et al. [16]. Starting from the leading edge, the shear layer is detached
from the wall with a laminar 2-D behavior. The transition becomes
visible in which a small distortion of the shear layer takes place and
the three-dimensionality of the flow starts to grow. Large-scale
structures form and then break down into small structures followed
by fully 3-D turbulent flow.

C. Further Comparisons Including Effect of Subgrid Scale Model

To assess the effect of the SGS model on the LES solution, the
MTSmodel was included, and a new simulationwas run for the same
grid using the same procedure as for the case without an SGSmodel.
Results obtained from this simulation demonstrate the benefits of
using the SGS model. For example, the pressure distributions over
the airfoil obtained by both LES simulations clearly match the DNS
without any significant error, as illustrated in Fig. 9. However, the
skin-friction profile, which is depicted in Fig. 10, is more sensitive. It
is clear that the LESwith the SGSmodel is closer to theDNS than the
LES without SGS, specifically under the recirculation vortex at the
back of the bubble and in the region near reattachment, however, both
LES cases underpredict skin friction compared with the DNS after
reattachment. The solution on the pressure side is improved with
the SGS model, even though that boundary layer is laminar. This is
presumably an indirect effect due to the improved modelling of the
bubble, which is transmitted to the pressure side by the change in
the potential flow. It is concluded that the incorporation of the SGS
model is beneficial in the present configuration, and this formulation
is applied for the remaining LES in this paper.

V. Effect of the Computational Domain Width
on an Airfoil Near Stall

The objective of this section is to provide insight into the behavior
of the laminar separation bubble at the onset of stalling for anNACA-
0012 airfoil at M1 � 0:4, and Re� 50; 000. To accomplish this,

Fig. 7 Comparison of displacement andmomentum thickness between

DNS and LES (�� 5 deg, without SGS).

Fig. 8 Three-dimensional isosurface of second invariant of the velocity

gradient at Q� 100 obtained by LES (�� 5 deg, without SGS).

Fig. 6 Streamwise and spanwise mesh resolution on the suction side in the wall unit obtained from 3-D LES (�� 5 deg, without SGS).

Table 2 Comparison of grid resolution in wall units

between DNS and LES results at maximum Cf

Simulation �x� �z� No. of points
for y� < 10

LES, 3-D 4.34 5.39 5
DNS, 3-D 3.36 6.49 9
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grids of 637 � 320 � 32 with various angles of attack were
generated. The primary grid parameters of the 3-D simulation are
summarized in Table 3, where LES_narrow refers to the large-eddy
simulation with a narrow computational domain Lz � 0:2c, and
LES_wide to a large-eddy simulation with a wide computational
domain Lz � 0:5c.

Using the MTS model, LES calculations were performed to
produce aerodynamic data. The spanwise length of the airfoil model
was initially set at 20% of the chord length (case LES_narrow).

The series of tests started with �� 11 deg, where the flow is
found to be fully separated and no oscillationwas observed. Then the
angle of attack was decreased to 10 deg, and the 3-D simulation was
restarted from the 2-D results at the same incidence, leading to
another fully separated flow solution. In contrast to the 11 and 10 deg
cases, the simulations at angles of attack of 8.5 and 8.9 deg exhibit a
flow that always attaches to the airfoil suction side without bursting
of the separation bubble. Therefore, any low-frequency oscillation
may occur only in the narrow range of 8.9 to 10 deg.

The time history for the lift coefficient for LES_narrow at ��
9:25 deg demonstrates rapid airfoil stalling after nine time units
(Fig. 11 LES_narrow line), where the lift coefficient drops dra-
matically (54.7% reduction) from its maximum value of 0.895 at

t� 4 to 0.405 at t� 17. At this stage the laminar separation bubble,
located near the leading edge, bursts, and the flow becomes fully
separated from the surface of the airfoil. The flow reattaches for
t > 44, and the lift increases until it reaches a secondmaximumvalue
of 0.815 at t� 62:5. The lift then dropped again to 0.43 at t� 72,
after which the oscillations cease and the flow remains fully stalled.

The issue of the spanwise computational domain size was
discussed by Eisenbach and Friedrich [30] who found, in their study
of an incompressible flow around an NACA-4415 airfoil at Re�
1 � 104 and incidence of 18 deg, that the spanwise lengths of the
largest turbulent flow structures near the trailing edge were approxi-
mately 66% of the chord length. Therefore, the spanwise length of
the current computational domain was extended to 50% of the chord
length and a further simulation (LES_wide) was carried out to
investigate the effect of the spanwise domain width on the behavior
of the flow. The main grid parameters for this simulation were
presented in Table 3. It should be noted that the domain widths
provided here are already large compared with previous LES. For
example, Mary and Sagaut [31] conducted an LES with very small
spanwise extents (Lz=c 	 0:005, 0.012, and 0.03) and different
resolutions, to simulate a flow past an airfoil at a Reynolds number of
2:1 � 106 and incidence of 13.3 deg. They found that there was a

Fig. 9 Comparison of pressure coefficients between DNS, LES without SGS model, and LES using the MTS model (�� 5 deg).

Fig. 10 Comparison of skin-friction coefficients between DNS, LES without SGS model, and LES using the MTS model (�� 5 deg).
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great improvement in the results compared with the experiment
results when the width of the computational domain and the
numerical resolution were increased.

From the variation of the lift coefficient in Fig. 11, it can be seen
that theflowbehavior changedwhen the domainwidthwas increased
and the flow exhibits an irregular low-frequency oscillation. A
comparison between the span- and time-averaged flow streamlines is
shown in Fig. 12 (averaged for 64 	 t 	 128), where the formation
of a long separation bubble of about 60% chord is clearly seen for
the LES_wide simulation, whereas the flow fails to reattach with
LES_narrow. The differences imply that the domain width should be
at least 50% of the chord length and possibly more. It is noted that
the long bubble observed in the LES_wide simulation is longer than
the 35% chord bubble that reported by Rinoie and Takemura [8],
which is attributed to the higher Reynolds number (Re� 130; 000)
used in the experiments. It is concluded that the laminar separation
bubble is very sensitive to incidence, Reynolds number, and Lz.

The effect of Lz can be studied in more detail using the two-point
velocity correlation function:

Ruu�z1� � hu0�z�u0�z� z1�i=hu0�z�u0�z�i (17)

where h i denotes averaging over z and time, u0 is the streamwise
velocity fluctuation, and z1 denotes the correlation distance.
Figures 13a and 13b show the two-point velocity correlations at
seven different locations on the suction side of the airfoil, obtained by
the LES_narrow and LES_wide simulations, respectively. Theworst
correlation value (Ruu 
�0:56) was observed in the trailing edge of
the narrower domain, compared with (Ruu 
�0:28) in the trailing
edge of thewider domain. This means that a significant improvement
was achieved by extending the width of the computational domain.
The present simulation requires a wider computation domain com-
pared with Mellen et al. [32], who applied LES to simulate a flow
around an Aerospatiale A-airfoil with Reynolds numberRe� 2:1 �
106 and �� 13:3 deg. They recommended a minimum Lz � 0:12c
for a case at higher Reynolds number with small trailing-edge
separation. The presence of a large region of separation in the present
configuration compared with [32], which only had a small trailing-
edge separation, is almost certainly the reason for the difference.

Fig. 11 Effect of increasing the spanwise length of the computational domain on the LES time dependence lift coefficient for an angle of �� 9:25 deg.

Table 3 Grid parameters for LES at Re� 50; 000 and �� 9:25 deg

Simulation W R Total length N� N
 Nz Lz=c Ps SS NW Total points

LES_narrow 5 7.3 14.2 637 320 32 0.2 130 170 170 6522880
LES_wide 5 7.3 14.2 637 320 80 0.5 130 170 170 16307200

Fig. 12 Streamlines patterns for time and span averaged velocity over long time interval (64 � t � 128) for�� 9:25 deg, obtained from the a) narrow,

and b) wide domain simulations.
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The present results indicate that LES of airfoil flows (e.g., [33],
which used Lz � 0:2c) need careful attention to spanwise domain
width near stall.

Previous studies of low-frequency flow oscillation [8,9] showed
regular oscillations, whereas the laminar separation bubble here is
more irregular, with intermittent bursting to form either a long bubble
or a fully separated flow. For example, the streamlines patterns
for time and span averaged velocity between t� 4:8 and t� 6:4
revealed a laminar separation bubble of approximately 25% of the
chord located near the leading edge (Fig. 14a). This then bursts to
create a fully stalled flow at t� 20:8, as shown in Fig. 14b. This
process was repeated between t
 58:0 and t
 70:0.

Different behavior of laminar separation bubbles was observed
between t� 74:9 and t� 108:8 (Fig. 15). The formation of the
laminar separation bubble of approximately 35% of the chord
length was clearly seen from t� 74:9 to t� 88. After that, bursting
occurred to form a long separation bubble of approximately 65%
of the chord length, in conjunction with a low lift coefficient
(CL 
 0:615). The length of the shortest laminar separation bubble
(25% chord) is longer than the short bubble reported by Rinoie and
Takemura [8] whichwas 10%chord. In addition, it is noticeable from
Fig. 15 that the flow exhibits a trailing-edge separation at the end of
the oscillation cycle. This is in agreement with the observation of
Broeren and Bragg [7] for the flow around the LRN-1007 airfoil
regarding the growth of the leading-edge separation bubble and
trailing-edge separation until theymerged. The difference here is that
the trailing-edge separation does not always lead to a fully stalled
flow. On the other hand, Rinoie and Takemura [8] did not mention
this type of turbulent separation. Figure 16 shows a time history of
the spanwise averaged separation and reattachment locations from

t� 43 to t� 133, where the irregular unsteady laminar separation
bubble and the fully separated flow are clearly seen.

Surface pressure distributions, averaged over selected intervals,
are depicted in Fig. 17 where significant unsteadiness of the pressure
can be observed. The reattachment of the flow and the formation
of the laminar separation bubble occurred when the suction peak
(�Cp) was increasing from the first interval (74:9 	 t 	 76:5) until
it reached a maximum value for the interval (86:4 	 t 	 88:0).
Subsequently, the bubble burst caused a drop in the suction peak but
never reached the same level of the first interval, where the flow was
fully stalled.

The Strouhal number based on the cycle 74:9 	 t 	 108:8 is
0.00466 (Re� 50; 000 and �� 9:25 deg), compared with 0.008
as reported by Rinoie and Takemura [8] (at �� 11:5 deg, Re�
130; 000), who used a higher incidence and Reynolds number.

VI. Unsteady Viscous-Inviscid Interaction Results

The principle of the present unsteady viscous-inviscid interaction
method is to couple the potentialflow solution, which can be obtained
by a panelmethod, with the viscous solution of the integral boundary-
layerequations,whichcontainsmodelsof laminarflow, turbulentflow,
and transition. Viscous-inviscid interaction is very cheap compared
with numerical methods that solve the Navier–Stokes equations.
Usually this numerical technique was implemented only for steady
flow [4]. Sandham [9] made a modification to the viscous-inviscid
method to solve an unsteady formulation of the momentum integral
equation. This enables study of the unsteadiness of the laminar-
turbulent transitional flows and thus some of the aerodynamic
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Fig. 13 Two-point velocity correlations based on the streamwise velocity obtained by a) LES_narrow, and b) LES_wide for �� 9:25 deg.

Fig. 14 Streamline patterns for time and span averaged flow around a NACA 0012 at �� 9:25 deg, obtained from LES_wide over the intervals:

a) 4:8 � t � 6:4, and b) 19:2 � t � 20:8.
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characteristicsof the low-frequencybehaviorof the laminar separation
bubble near stall.

A. Governing Equations of the Viscous-Inviscid Interaction Method

The main governing equation is the unsteady form of the
momentum integral equation:

@U��

@t
� @U

2�

@s
�U�� @U

@s
� �w
	

(18)

where s is the airfoil surface coordinate. The interaction condition for
Eq. (18) is the surface transpiration velocity:

�s � d�U���=d�s� (19)

which can be solved and imposed as a boundary condition for
the potential flow. The viscous flow calculations are applied by
modelling the shape factorH � ��=�, the entrainmentE [34], and the
amplification factor n [4] according to the following transport
equations:

@H

@t
�UH

@H

@s
� BH (20)

@E

@t
�UE

@E

@s
� BE (21)

Fig. 15 Streamline patterns for span and short-time-averaged flow around a NACA 0012 at �� 9:25 deg, obtained from LES_wide over the selected

intervals from t� 74:9 to t� 108:8, showing the formation of separation zones.
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� Bn (22)

whereUH ,UE, andUn are convective velocities and BH , BE, and Bn
include laminar and turbulent boundary-layer models and a laminar-
turbulent transition model based on the growth of the amplification
factor n via boundary-layer instability (see [9] for more modelling
details). When the amplification factor goes beyond a critical value
ncrit the flow becomes fully turbulent. The present results were
obtained with ncrit � 9 and 120 panels. The calculations were run for
40 time units to ensure that the solution passed the transient flow
region. The viscous-inviscid interaction lift coefficients revealed
low-frequency oscillations from which the peak-to-peak amplitude
and Strouhal number were extracted.

B. Viscous-Inviscid Interaction Results

To determine the relationships between incidence, Reynolds
number, and Strouhal number that govern the behavior of the laminar
separation bubble near stall, the unsteady viscous-inviscidmodelling
method was employed over a wide range of Reynolds numbers.
At each Re, the incidence was increased through the stall regime.

Low-frequency modes were only detected between Re� 50; 000
and Re� 420; 000; beyond this range, the airfoil stalled suddenly.
Figure 18 shows the Strouhal number as a function of incidence
for all the cases in which the low-frequency flow oscillation phe-
nomenon was observed. For comparison, the results of LES and
experiments [8] are included. It can be seen from this figure that the
magnitude of the Strouhal number obtained by the viscous-inviscid
interaction method increases as the Reynolds number, and hence
incidence of stall, increased. It is also clear that there is a variation of
the Strouhal number at each Reynolds number, but the general trend
shows an increase until it reaches a maximum Strouhal number
(St� 0:015) atRe� 300; 000 and�� 13:4 deg. A significant drop
is then observed at Re� 420; 000, and any further increase in Re
leads to the disappearance of the low-frequency flow oscillation
phenomenon. Figure 18 also shows that Strouhal number of LES
and experiment follow similar trends with the viscous-inviscid
interaction results, although their values are smaller.

Another relationship that can be deduced from the viscous-
inviscid method is between the incidence and the peak-to-peak
amplitude of the lift coefficient in the low-frequency flow oscillation,
as illustrated in Fig. 19. The peak-to-peak amplitude increases in a
similar fashion to the Strouhal number in Fig. 18 as the incidence is

Fig. 16 Separation and reattachment locations for the laminar separation bubble during the low-frequency flow oscillation at �� 9:25 deg.

Fig. 17 Pressure coefficients for the captured cycle of low-frequency flow oscillation at �� 9:25 deg obtained from the LES_wide simulation.
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increased. The peak-to-peak amplitude is also increased as the
Reynolds number is increased, as seen in Fig. 20, which also shows
that the LES amplitude is larger than that obtained by the viscous-
inviscid interaction method. Figure 21 shows that the incidence
corresponding to the maximum Strouhal number increases signifi-
cantly with the Reynolds number, which is in agreement with the

observation of Bragg et al. [6]. Overall the trends from the viscous-
inviscid interaction method are consistent with the limited data
currently available from LES and experiment. Further LES over a
wider range of parameters should allow the viscous-inviscid inter-
action method to be improved. Peak amplitudes of 0.75 are com-
parable to Zaman et al. [5], whereas the Strouhal number for the
NACA 0012 seems to be lower than for the E374 airfoil [6,7,35].

VII. Conclusions

Large-eddy simulation has been performed to study the behavior
of laminar separation bubbles near stall. For a validation case the LES
results compare favorably with DNS. The LES captures the most
important physical phenomena, including the separation of the
boundary layer from airfoil surface, vortex shedding, breakdown to
turbulence, and low-frequency flow oscillation. There is a small
improvement when a mixed-time-scale subgrid model is included,
compared with the case of filtering alone. Transient low-frequency
flow behavior has been found atRe� 50; 000 and �� 9:25 deg but
eventually the flow became fully stalled in the narrower compu-
tational domain simulation. Increasing the computational domain
width to 50% of the chord length was found to be necessary to obtain
a reasonable decay of two-point correlations. The results of LES
with the wider domain have revealed an intermittent bursting of
the laminar separation bubble near stall, to form either a long bubble
or fully separated flow. This demonstrates that LES can provide
useful results compared with the experiment, provided computa-
tional requirements such as the resolution and the spanwise extent are
met properly. Low-frequency behavior was observed between Re�
50; 000 and Re� 420; 000 using an unsteady viscous-inviscid
interaction method. The peak-to-peak amplitude and the Strouhal
number for the low-frequency flow oscillation were found to be
dependent on Reynolds number and incidence. The demonstrated
capability of LES for airfoil simulations of low-Reynolds number
should enable improvements to be made to cheaper computational
approaches such as viscous-inviscid interaction and RANS.
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